Revisit of directed flow in relativistic heavy-ion collisions from a
  multiphase transport model by Guo, Chong-Qiang et al.
ar
X
iv
:1
70
1.
01
80
5v
2 
 [n
uc
l-t
h]
  1
9 N
ov
 20
17
Revisit of directed flow in relativistic heavy-ion collisions from a multiphase transport
model
Chong-Qiang Guo,1, 2 Chun-Jian Zhang,1, 2 and Jun Xu∗1
1Shanghai Institute of Applied Physics, Chinese Academy of Sciences, Shanghai 201800, China
2University of Chinese Academy of Sciences, Beijing 100049, China
(Dated: November 21, 2017)
We have revisited several interesting questions on how the rapidity-odd directed flow is developed
in relativistic 197Au+197Au collisions at
√
sNN = 200 and 39 GeV based on a multiphase transport
model. As the partonic phase evolves with time, the slope of the parton directed flow at midrapidity
region changes from negative to positive as a result of the later dynamics at 200 GeV, while it remains
negative at 39 GeV due to the shorter life time of the partonic phase. The directed flow splitting
for various quark species due to their different initial eccentricities is observed at 39 GeV, while the
splitting is very small at 200 GeV. From a dynamical coalescence algorithm with Wigner functions,
we found that the directed flow of hadrons is a result of competition between the coalescence in
momentum and coordinate space as well as further modifications by the hadronic rescatterings.
PACS numbers: 25.75.-q, 25.75.Ld, 24.10.Lx
I. INTRODUCTION
The main purpose of relativistic heavy-ion collision
experiments is to study the properties of the quark-
gluon plasma (QGP) [1–4] and to understand the hadron-
quark phase transition. The anisotropic flow, defined as
vn = 〈cos[n(φ−Ψn)]〉 with φ being the particle azimuthal
angle in momentum space with respect to the event plane
Ψn and 〈...〉 denoting the event average, is an impor-
tant observable in characterizing how the anisotropy in
the initial coordinate space develops into that in the fi-
nal momentum space, as a result of the strong interac-
tion in the QGP matter created in relativistic heavy-
ion collisions. The first-order anisotropic flow is named
as the directed flow (v1) (see Ref. [5] for a recent re-
view), and it contains the rapidity-odd component and
the rapidity-even component. The rapidity-odd compo-
nent vodd1 (y) = −vodd1 (−y), which is traditionally called
the sideward flow, is attributed to the collective side-
wards deflection of particles. The rapidity-even compo-
nent veven1 (y) = v
even
1 (−y) was realized recently [6, 7],
and it is attributed to the event-by-event fluctuation in
the initial state of the colliding nuclei. In the present
study we only talk about the rapidity-odd component of
the directed flow.
Recently, RHIC-STAR Collaboration have reported
the directed flow of protons and pions in the beam-
energy-scan program [8]. It has been found that the
slope of the net-proton directed flow changes sign twice
between
√
sNN = 11.5 GeV and 39 GeV, and has a mini-
mum between
√
sNN = 11.5 GeV and 19.6 GeV. Besides,
splittings of the directed flow between protons and an-
tiprotons as well as that between π+ and π− were ob-
served at lower collision energies but become small at
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higher collision energies. Efforts have been made in un-
derstanding the above directed flow data [9–14]. In this
study we investigate several interesting topics relevant to
the directed flow in relativistic heavy-ion collisions within
a multiphase transport (AMPT) model [15]. Different
from the previous study [16], we have studied the non-
monotonic evolution of the directed flow in the partonic
phase, the splitting of the directed flow between different
quark species, and the effects of the hadronization and
hadronic evolution on the directed flow. The study helps
clarify how the directed flow is developed or modified
at different stages in relativistic heavy-ion collisions, and
is useful in understanding the directed flows at different
collision energies. The rest of the paper is organized as
follows. Section II provides a brief introduction of the
AMPT model. The detailed analysis and discussions of
the directed flow results are given in Sec. III. Finally, a
summary and outlook is given in Sec. IV.
II. THE AMPT MODEL
The string melting version of the AMPT model [15],
which is used in the present study, mainly consists of
four parts: the initial condition generated by Heavy
Ion Jet Interaction Generator (HIJING) model [17], the
partonic evolution described by Zhang’s parton cascade
(ZPC) model [18], a coalescence model to describe the
hadronization process, and the hadronic evolution de-
scribed by a relativistic transport (ART) model [19]. The
HIJING model generates hadrons with proton-proton
scatterings as the building brick together with the nuclear
shadowing effect and the Glauber geometry for the collid-
ing nuclei at relativistic energies. The initial phase-space
distribution of partons is generated by melting hadrons
produced by elastic and inelastic scatterings of partici-
pant nucleons in HIJING. The partonic interaction in the
ZPC model is described by the partonic two-body elastic
2scatterings with the differential cross section given by
dσ
dt
≈ 9πα
2
s
2(t− µ2)2 , (1)
where t is the standard Mandelstam variable for four-
momentum transfer. In the present study we set the
strong coupling constant αs to be 0.47 and the parton
screening mass µ to be 3.2264 fm−1, leading to the total
cross section of 3 mb. Partons freeze out continuously af-
ter their last scatterings, and the hadronization is treated
according to the freeze-out phase-space distribution of all
partons. The hadronization in AMPT is described by a
spatial coalescence model which allows a pair of nearest
quark and antiquark to form a meson and three near-
est quarks (antiquarks) to form a baryon (antibaryon),
with the mass and species of the hadron determined by
the invariant mass and the flavors of these constituent
partons. In the present study we do the coalescence for
baryons and antibaryons before that for mesons. In this
way there are more combinations of quarks (antiquarks)
close in phase space to form baryons (antibaryons), which
helps to give a smooth v1, while meson v1 is not much
affected since there are still plenty of choices for daugh-
ter quarks/antiquarks to form mesons. In order to see
the effect of a more realistic coalescence on the directed
flow, we have also checked with the dynamical coales-
cence [20] based on the Wigner function calculation de-
tailed in Sec. IIIB and APPENDIX A. The spatial co-
alescence in the AMPT model is followed by the ART
model that contains various elastic, inelastic, and decay
channels to describe the hadronic evolution.
III. ANALYSIS AND RESULTS
In the present study, we employ the AMPT model to
investigate the directed flow in midcentral (b = 5 fm)
197Au+197Au collisions at
√
sNN = 200 and 39 GeV, cor-
responding to the top RHIC energy and a typical energy
in the beam-energy-scan program. Typically, we focus
on the time evolution of v1, the splitting of v1 for various
particle species, and the hadronization effect on v1. The
directed flow is calculated from v1 = 〈cos(φ−ΨRP )〉 with
respect to the theoretical reaction plane ΨRP = 0.
A. Time evolution of v1 in the partonic phase
The directed flows of partons in midcentral Au+Au
collisions at
√
sNN = 200 GeV and 39 GeV at differ-
ent time steps are displayed in Fig. 1, where the upper
(lower) panels show the evolutions in early (later) stages,
with the solid lines from a cubic fit of v1(y) = F1y+F3y
3.
The initial v1 at both collision energies are very small as
expected. It is seen that the slope of the directed flow at√
sNN = 200 GeV grows to a maximum negative value
in early stages (t < 4 fm/c), and then gradually becomes
positive in later stages, while that at
√
sNN = 39 GeV
grows to a maximum negative value and becomes satu-
rated. The maximum slope is larger at 39 GeV than at
200 GeV. By monitoring the density evolution, we found
that the strong scatterings among partons mostly end
around 4 ∼ 6 fm/c. However, it is seen that the later dy-
namics reverses the slope of the directed flow at
√
sNN
= 200 GeV but is unable to reverse that at
√
sNN = 39
GeV, due to the shorter life time of the partonic phase at
lower collision energies. The non-monotonic behavior of
the directed flow was also observed in Refs. [9, 21]. The
feature mentioned above is qualitatively consistent with
the less negative v1 slope at midrapidities at higher colli-
sion energies observed by PHOBOS [22] and STAR [8, 23]
Collaborations.
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FIG. 1: (Color online) Directed flow (v1) of partons versus
rapidity (y) at different time steps in midcentral Au+Au col-
lisions at
√
sNN = 200 GeV (left) and 39 GeV (right). The
upper panels show the behavior in early stages, while the
lower panels show that in later stages.
The time evolution of the directed flow slope at midra-
pidities is displayed in the upper panels of Fig. 2. It is
clearly seen that at
√
sNN = 200 GeV the directed flow
slope first drops to a negative value lower than −0.3%
and than increases to a positive value of about 0.15%. At√
sNN = 39 GeV, however, the directed flow slope drops
to about −0.6% and the later dynamics only slightly
modifies the slope. We have further displayed the inte-
grated directed flow at forward and backward rapidities
as a function of time in the lower panels of Fig. 2. It
is interesting to see that the integrated v1 at the for-
ward (backward) rapidity monotonically becomes more
negative (positive) as the system evolves, although the
directed flow at different rapidity regions changes in a
complicated manner as shown in Fig. 1. At
√
sNN = 200
GeV the integrated directed flow becomes saturated at
about 8 fm/c, while at
√
sNN = 39 GeV it is saturated at
a later time. In addition, the magnitude of the integrated
v1 is larger at lower collision energies.
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FIG. 2: (Color online) Time evolution of the parton directed
flow slope (dv1/dy|y=0) (upper panels), and the integrated
directed flow (v1) at forward and backward rapidities (lower
panels) in midcentral Au+Au collisions at
√
sNN = 200 GeV
[(a) and (c)] and 39 GeV [(b) and (d)].
We have further investigated the time evolution of the
v1 slope given the saturated integrated directed flow at
both forward and backward rapidities as shown in Fig. 2.
We found that the time evolution of v1 is due to the
transfer of particles, which contribute positively or neg-
atively to v1, among different rapidity regions. At the
later stage of the partonic phase at
√
sNN = 200 GeV,
more particles that contribute to the positive flow stay
in the midrapidity region, while those contribute to the
negative flow move to larger rapidities. At
√
sNN = 39
GeV, the saturation of v1 takes longer time while the
life time of the partonic phase is too short to reverse v1,
leading to a negative slope at the freeze-out stage.
B. Splitting of v1 for various quark species
The results discussed in the previous subsection are
averaged over all quark species. On the other hand, it
is always observed that there are splittings of quantities
between particles and their antiparticles as well as those
between particles of different isospin states, especially at
lower collision energies. The typical examples are split-
tings of the elliptic flow [24] and the directed flow [8] be-
tween protons and antiprotons as well as those between
π+ and π−.
Figure 3 displays the directed flow of u and d quarks
as well as their antiquarks at their freeze-out stage in
midcentral Au+Au collisions at
√
sNN = 200 GeV and
39 GeV. At
√
sNN = 200 GeV the v1 splitting between
quarks and antiquarks as well as that between u and d
quarks are already seen but the difference is compara-
ble to the statistical error, while at
√
sNN = 39 GeV
it is clearly seen that antiquarks have a more negative
directed flow slope than quarks. We note that here
quarks include produced and transported ones from ini-
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FIG. 3: (Color online) Final directed flow (v1) of u, d, u¯, and
d¯ quarks versus rapidity (y) in midcentral Au+Au collisions
at
√
sNN = 200 GeV (a) and 39 GeV (b).
tial inelastic and elastic scatterings of participant nu-
cleons, respectively, while antiquarks are all produced
from inelastic nucleon-nucleon scatterings. As shown in
Refs. [25, 26], produced and transported particles gener-
ally have different collective flows. The splitting between
directed flows of various quark species could be partially
responsible for the v1 splitting between protons and an-
tiprotons as well as that between π+ and π−, as reported
in Ref. [8].
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FIG. 4: (Color online) Initial first-order eccentricity ǫodd1 of
d, u¯, and d¯ quarks with respect to that of u quarks versus
rapidity y in midcentral Au+Au collisions at
√
sNN = 200
GeV (a) and 39 GeV (b).
Since the dynamics in the partonic phase dominated
by the parton scattering cross section [Eq. (1)] is inde-
pendent of the quark species, the splitting of the directed
flows of various quark species shown in Fig. 3 can only
be due to their different initial eccentricities. The mecha-
nism how the initial eccentricity (ǫn) develops into the fi-
nal elliptic flow (v2) and triangular flow (v3) has been ex-
tensively studied (see, e.g., Refs. [27–29]). The response
4of the rapidity-even directed flow to the rapidity-even
ǫeven1 was discussed in Refs. [6, 7]. The initial rapidity-
odd ǫodd1 according to the particle azimuthal angle φs in
coordinate space can be calculated as [21, 30]
ǫodd1 (y) = 〈cos(φs −ΨppRP )〉y, (2)
with 〈...〉y denoting the event average at a given rapidity
y, and we used the theoretical reaction plane (ΨppRP = 0)
consistent with the calculation of the rapidity-odd di-
rected flow. Figure 4 shows the rapidity distribution of
ǫodd1 (y) of d, u¯, and d¯ quarks with respect to that of u
quarks at both
√
sNN = 200 GeV and 39 GeV. It is seen
that at
√
sNN = 200 GeV the initial ǫ
odd
1 has small differ-
ence especially between quarks and antiquarks, while at√
sNN = 39 GeV the difference in the slope with respect
to rapidity for different quark species is much larger.
Since these partons are melted from hadrons produced
in HIJING, the difference is attributed to the different
production mechanisms of hadrons that have different
baryon or isospin charges. The different v1 of d, u¯, and d¯
quarks compared with that of u quarks is attributed to
their different ǫodd1 at
√
sNN = 39 GeV. In addition, we
found the initial averaged ǫodd1 is slightly larger at lower
collision energies, responsible for the larger saturated v1
observed in Fig. 2.
C. Effect of hadronization on v1
The directed flow of freeze-out partons discussed in the
previous subsections will be modified in the hadroniza-
tion process. In the present study we investigate the
hadronization from a dynamical coalescence model [20,
31] and the default spatial coalescence model as in
AMPT. In the dynamical coalescence model, partons
that are close in phase space have a larger probability
to form hadrons, while in the default spatial coalescence
model in AMPT, hadrons are formed by nearest com-
binations of partons in coordinate space as discussed in
Sec. II, and all partons are forced to be used up after
hadronization.
In the dynamical coalescence model, the probability to
form a hadron is proportional to the parton Wigner func-
tion of that hadron, and the proportional coefficient is
the statistical factor by considering the spin, flavor, and
color degeneracies. For detailed formulaes we refer the
reader to APPENDIX A. There are also other hadroniza-
tion mechanisms, such as the fragmentation of high-
momentum partons in transport models and the Cooper-
Frye hadronization in hydrodynamic models. However,
the dynamical coalescence has already included the main
feature of quark recombination, which explains the num-
ber of constituent quark scaling of collective flows [20, 32]
as one of the evidences of the formation of QGP. To speed
up the calculation, we skip the parton combinations with
large relative momenta, since their probabilities to form
hadrons are small.
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FIG. 5: (Color online) Directed flows (v1) of protons (top),
antiprotons (middle), and charged pions (bottom) from the
dynamical coalescence (squares) and from the default spatial
coalescence in the AMPT model (triangles), as well as v1 of
their dominating constituent quarks or antiquarks weighted
by the Wigner function (circles), and v1 of all quarks or an-
tiquarks (stars) at their freeze-out stage as a function of ra-
pidity in midcentral Au+Au collisions at
√
sNN = 200 GeV
(left) and 39 GeV (right). See text for details.
Figure 5 displays the directed flows of protons (top
panels), antiprotons (middle panels), and charged pi-
ons (bottom panels) from the dynamical coalescence and
from the default spatial coalescence in AMPT, as well
as that of their dominating constituent quarks or anti-
quarks weighted by the Wigner function, and that of all
quarks or antiquarks at their freeze-out stage. The dif-
ference between v1 from the dynamical coalescence and
that from the default spatial coalescence in AMPT is
observed, consistent with the statement in Ref. [9] that
the directed flow is sensitive to the hadronization treat-
ment. It is interesting to see that the directed flow of
constituent quarks (antiquarks) weighted by the Wigner
function is quite different from that of all quarks (an-
tiquarks) at their freeze-out stage. This means that in
the dynamical coalescence scenario only part of partons
close in phase space dominate the contribution of form-
ing hadrons, while their directed flow is quite different
from the rest partons. On the other hand, the directed
flow slope of formed protons, antiprotons, or pions is dif-
ferent from that of their constituent partons or the over-
all partons. The difference is larger for baryons or an-
tibaryons than for mesons. It is seen that the v1 slope of
protons from the dynamical coalescence changes its sign
compared with that of the overall quarks.
In order to understand how the coalescence modifies
the directed flow, we employ the pure momentum co-
alescence and pure coordinate coalescence, by consid-
5ering only the momentum or the coordinate part in
Eqs. (A.3) and (A.7). This is similar to the limit of
choosing an infinitely large or a zero Gaussian width
for the Wigner function, respectively. With the pure
momentum coalescence, we found that the slope sign of
v1 near the midrapidity region is not changed after co-
alescence, comparing with the parton directed flow at
freeze-out, consistent with the picture of the naive coa-
lescence scenario [32, 33], which leads to the number of
constituent quark scaling relation, i.e., V1(p) ≈ 2v1(p/2)
for mesons and V˜1(p) ≈ 3v1(p/3) for baryons as detailed
in APPENDIX B. With the pure coordinate coalescence,
the parton density distribution becomes important, and
the slope sign of v1 is generally changed. The hadron
directed flow is a result of competition between the co-
alescence in momentum and coordinate space, with the
weight determined by the Gaussian width fitted by the
root-mean-square radius of the hadron.
Here we further illustrate why the pure coordinate co-
alescence generally changes the slope sign of the directed
flow. Figure 6 displays the distribution of the parton
freeze-out time. In the dynamical coalescence scenario
partons that freeze out at a similar time are more likely
to coalesce with each other. We found that the early
freeze-out partons, i.e., those freeze out before tfz = 5
fm/c at 200 GeV and tfz = 4 fm/c at 39 GeV, dominate
the hadron formation, and their freeze-out times are in-
dicated by the shadow. After propagating these early
freeze-out partons to t = 5 fm/c at 200 GeV and t = 4
fm/c at 39 GeV, the density contour in the reaction plane
(x-o-z) plane is shown in Fig. 7. We found that partons
at x · z > 0 (x · z < 0) contribute positively (negatively)
to the directed flow. Although there are more partons
at x · z > 0 (x · z < 0) for 200 GeV (39 GeV), which
leads to the net positive (negative) directed flow slope
near midrapidity, the local density is slightly higher at
x · z < 0 (x · z > 0) for 200 GeV (39 GeV), leading to the
change of the v1 slope sign from a pure coordinate coa-
lescence, especially for baryons formed by three quarks
close in coordinate space.
D. Effect of hadronic evolution on v1
The directed flow of hadrons after hadronzation pre-
sented in the previous subsection is further modified by
the hadronic evolution described by ART, containing var-
ious elastic, inelastic, and decay channels. To illustrate
the effect of hadronic rescatterings on v1 in the AMPT
model, we present in Fig. 8 the directed flow of initial
(before ART) and final (after ART) protons (top panels),
antiprotons (middle panels), and charged pions (bottom
panels) in midcentral Au+Au collisions at
√
sNN = 200
GeV and 39 GeV. After hadronic rescatterings, it is seen
that the slope of the directed flow generally becomes less
negative or increases, while the sign of the v1 slope near
midrapidity region is mostly not changed. The effect of
the hadronic evolution on v1 is seen to be larger at lower
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collision energies compared to that at higher collision en-
ergies.
IV. SUMMARY AND OUTLOOK
Based on the framework of a multiphase transport
model, we have discussed some interesting topics rele-
vant to how the directed flow is developed in relativis-
tic heavy-ion collisions, which have not been well ad-
dressed previously. As the partonic phase evolves, a non-
monotonic behavior of the directed flow is observed at
higher collision energies, and the later dynamics is able
to change the slope sign of the directed flow at midra-
pidity region, due to the transfer of partons among dif-
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FIG. 8: (Color online) Directed flow (v1) of protons (top),
antiprotons (middle), and charged pions (bottom) versus ra-
pidity (y) before and after hadronic rescatterings in midcen-
tral Au+Au collisions at
√
sNN = 200 GeV (left) and 39 GeV
(right).
ferent rapidity regions, but this is not observed at lower
collision energies as a result of shorter life time of the
partonic phase. The splitting of the directed flow for
various quark species is observed at lower collision ener-
gies due to their different initial rapidity-odd eccentric-
ities, while such splitting becomes very small at higher
collision energies. The directed flow of hadrons is a re-
sult of competition between the coalescence in momen-
tum and coordinate space, with the weight determined
by the Gaussian width of the Wigner function in the
dynamical coalescence scenario, and is further modified
by the hadronic rescatterings. The coalescence mecha-
nism as well as the hadronic rescatterings discussed in
the present manuscript can be possible reasons account-
ing for the violation of the number of constituent quark
scaling for the directed flow mentioned in Ref. [34].
In the future study, we will improve the coalescence
and introduce the mean-field potentials, or similarly, the
equation of state [35–38], to the multiphase transport
model as in Refs. [39, 40]. It will be of great interest
to study quantitatively how the results obtained in this
work are modified by the mean-field potentials, which are
expected to be different for different quark and hadron
species. Based on the studies of the directed flow from
particle scatterings in the present study as well as the
mean-field potentials in the future study, one should be
able have a better understanding of the directed flow at
various collision energies and for various particle species,
thus hopefully extract useful information of the hadron-
quark phase transition and the QCD phase diagram.
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APPENDIX A. DYNAMICAL COALESCENCE
FOR HADRONS WITH WIGNER FUNCTION
In the dynamical coalescence model, the probability
for a pair of quark and antiquark to form a meson is
proportional to the quark Wigner function of the meson
times the statistical factor, i.e.,
fM (ρ,kρ) = 8gM exp
(
−ρ
2
σ2ρ
− k2ρσ2ρ
)
, (A.3)
where gM = 1/36 is the statistical factor for pions, and
ρ =
1√
2
(r1 − r2), (A.4)
kρ =
√
2
m2k1 −m1k2
m1 +m2
(A.5)
are the relative distance in the coordinate and momen-
tum space for the two-particle system, with mi, ri, and
ki being the mass, coordinate, and momentum of the
ith particle, respectively. The width parameter σρ is re-
lated to the root-mean-square (RMS) radius of the meson
through the relation
〈r2M 〉 =
3
2
m21 +m
2
2
(m1 +m2)2
σ2ρ
=
3
4
m21 +m
2
2
m1m2(m1 +m2)ω
, (A.6)
where the second line follows if we use the relation σρ =
1/
√
µ1ω in terms of the oscillator frequency ω and the
reduced mass µ1 = 2(1/m1 + 1/m2)
−1.
Similarly, the probability for three light quarks to form
a baryon is expressed as
fB(ρ,λ,kρ,kλ)
= 82gB exp
(
−ρ
2
σ2ρ
− λ
2
σ2λ
− k2ρσ2ρ − k2λσ2λ
)
,
(A.7)
where gB = 1/108 is the statistical factor for protons,
7and
λ =
√
2
3
(
m1r1 +m2r2
m1 +m2
− r3
)
, (A.8)
kλ =
√
3
2
m3(k1 + k2)− (m1 +m2)k3
m1 +m2 +m3
(A.9)
are the relative distance in the coordinate and momen-
tum space between the third particle and the system
formed by the first and the second particles. The width
parameter σλ is related to the oscillator frequency via
1/
√
µ2ω, with µ2 = (3/2)[1/(m1 +m2) + 1/m3]
−1. The
RMS radius of the baryon is then given by
〈r2B〉 =
1
2
m21(m2 +m3) +m
2
2(m1 +m3) +m
2
3(m1 +m2)
(m1 +m2 +m3)m1m2m3ω
.
(A.10)
The RMS radius of the produced hadron is taken from
Ref. [41], which is 0.61 fm for π+ and 0.877 fm for pro-
tons, respectively.
APPENDIX B. NAIVE COALESCENCE
SCENARIO
In the naive coalescence scenario, the momentum dis-
tribution of quarks inside hadrons is neglected. A me-
son with momentum p are formed by a pair of quark
and antiquark with half the meson momentum p/2 co-
moving in the same direction. This is actually the limit
of the dynamical coalescence with ω = 0 or infinitely
large Gaussian width in the Wigner function. In the fol-
lowing, we briefly remind the relation between collective
flows of hadrons and their constituent quarks in the naive
coalescence scenario as in Refs. [32, 33].
The azimuthal distribution of mesons in momentum
space can be expressed as
F (φ,p) ∝ 1 + 2
∞∑
n=1
Vn(p) cos(nφ) ∝ f(φ,p/2)2,(B.11)
where f(φ) is azimuthal distribution function of partons,
i.e.,
f(φ,p/2) ∝ 1 + 2
∞∑
n=1
vn(p/2) cos(nφ). (B.12)
From Eqs. (B.11) and (B.12), the nth-order anisotropy
flow Vn(p) of mesons can be expressed in terms of the
parton anisotropy flow vn(p/2) as
Vn =
1
N
(2vn +
n−1∑
i=1
vivn−i + 2
∞∑
i=1
vivn+i), (B.13)
with N = 1 + 2
∞∑
i=1
v2i .
Similarly, the azimuthal distribution for baryons in
momentum space can be expressed as the third power
of the azimuthal distribution for partons, i.e.,
F˜ (φ,p) ∝ 1 + 2
∞∑
n=1
V˜n(p) cos(nφ) ∝ f(φ,p/3)3.(B.14)
The nth-order anisotropy flow V˜n of baryons is expressed
in terms of the parton anisotropy flow vn(p/3) as
V˜n =
1
N˜
(3vn + 3
n−1∑
i=1
vivn−i + 6
∞∑
i=1
vivn+i
+ 3
∞∑
i=1
∞∑
j=1
vivjvn+i+j + 3
∞∑
i=1
n+i−1∑
j=1
vivjvn+i−j
+
n−1∑
i=1
n−i−1∑
j=1
vivjvn−(i+j)), (B.15)
with N˜ = 1 + 6
∞∑
i=1
v2i + 6
∞∑
i=1
∞∑
j=1
vivjvi+j .
Neglecting the higher-order terms, the scaling relations
between the directed flows of baryons (V˜1), mesons (V1),
and partons (v1) are
V1(p) ≈ 2v1(p/2)
1 + 2v21(p/2)
≈ 2v1(p/2), (B.16)
V˜1(p) ≈ 3v1(p/3)
1 + 6v21(p/3)
≈ 3v1(p/3). (B.17)
Note that the scaling relation for the rapidity-even di-
rected flow or the higher-order anisotropic flows (n > 2)
is often discussed at midrapidities (y ≈ 0), where the
momentum p can be approximated by the transverse
momentum pT . In the most general case, the momen-
tum p is a vector related to both the rapidity y and the
transverse momentum pT , as in the present study of the
rapidity-odd directed flow.
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